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Let (%[x]. (~1, )be the algebra ofall polynomials in the indeterminate x ov r 
the field ofreal numbers R, where cc): 9I[x] x 9I[x] -+ R[x] is the convolution 
product defined byx” (c) xm = n ! m ! xn + “/(n +m)!. We call a polynomial sequence 
{q,,(x)}:==, a c-orthogonal polynomial sequence ifthere exists a linear functional 
IL: !R[x] + Xi, such that for all non-negative int gers n and m, iL(q,(x) cq,(x)) =
2 6nY 
where k, # 0, for n= 0, 1, 2, .__. The main result of his paper is to show that 
ma s every c-orthogonal polynomial sequence toa c-orthogonal polynomial 
sequence ifand only if rj is defined by $(x”/n!)=sb”L,( -ax/b), n=O, 1, 2, . . 
where s, a, and b belong to %, s # 0, a f 0, and {L,(x)} ,“= sis the Laguerre polyno- 
mial sequence oforder zero. Thus, we call the linear operator ya,*: %[x] + %[x] 
defined byg,,(x”/n!) = b”L,( -ax/b) the convolution shift and obtain some results 
involving theLaguerre polynomial sequence that are suggested by the analogous 
results for the ordinary shift operator rn,h: %[x] + %[x], defined byT&X”)= 
(UX f b)“. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
Let ‘%[x] be the usual vector space of all polynomials in the indeter- 
minate x over the field ofreal numbers %. (~,(x)J~~, is defined tobe a 
polynomial sequence if or each natural number n, the degree of p,(x) is n. 
Every polynomial sequence forms abasis for 93 [xl. A polynomial sequence 
{p,(x)}~=, is called anorthogonal polynomial sequence if there xists a 
linear functional [L:%[x] -+ ‘93, such that 
UP,(X) P,(x)I = k, ~,m, (1.1) 
where k, # 0, for n= 0, 1, 2, . . 6,, is the Kronecker delta, nd juxtaposi- 
* Supported inpart by N.S.E.R.C. Grant OGPIN-016 and the President’s N.S.E.R.C. Fund 
(Lakehead University). 
0022-247x/91 $3.00 
Copyright 0 1991 by Academic Press, Inc. 
All rights of reproduction m any form reserved. 
284 
C-ORTHOGONALITY PRESERVING MAPS 285 
tion of polynomials is the traditional polynomial multiplication. If all the 
k,‘s are equal to 1, then the polynomial sequence {p,(~)},“,~ is called an
orthonormal po ynomial sequence. S eBrezinski [4]or Chihara [5] for a
concise treatment of orthogonal po ynomials. 
According toAmerbaev and Naoorzbaev [3], a polynomial sequence 
(q,,(x)},“,O is an orthogonal polynomial sequence with respect to convolution 
if there xists a linear functional [L:%[x] -+ %, such that for all non- 
negative integers n and m, 
” qn(x - 1) q,(t) dt =k, 6,,,, 1 Cl.21 
where k, # 0, for n= 0, 1,2, ... We will call such apolynomial sequence a 
c-orthogonal polynomial sequence (C.O.P.S.). If allthe k,‘s are qual to 1, 
then it is called a c-orthonormal polynomial sequence. 
If we denote the convolution product on‘%[x] that is used in Eq. (1.2) 
by cc> and observe that 
(1.3) 
then the convolution product iscommutative, associative, and distributive 
over ordinary polynomial addition n %[x] and the polynomial 1 is its 
unit element. Therefore, (%[x], (c>, 1)is a commutative algebra. Equa- 
tion (1.2) can be written i the form 
Uq,(x) (c) qm(x)l = k ~,,,m (1.4) 
which is Eq. (1.1) with the usual polynomial product replaced bythe 
convolution product c>. 
It is interesting o ote that he convolution product cc> is intimately 
related tothe convolution associated with the Laplace transform. Specifi- 
cally, ifthe Laplace Transform 6pis defined for s> 0 by 
.Y[Cf(x)] = joz e-“‘f(t) d  = F(s), 
whenever the integral exists, hen it is well known that 
$ j)-b-f) s(t) dt=~i”‘Cs(~[Cf(x)l)(~[g(x)l)l. 1.5  
By lettingf(x) = xn and g(x) =xm, Eq. (1.5) becomes Eq. (1.3). 
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We will define the Jacobi polynomial sequences { P>p(x)},“=O, [6
P. 2541, by 
P;,“(x) = ~)?I (1 + n (-n)k(n+cr+p+1),((1-x)/2)k n, 
. &a (1 +ah k! ’ (1.6) 
where rx and /I are real numbers uch that CI +b + 1 is a not a negative 
integer. As shown in [2, Theorem (l.l)], {P:“(l -2x)},“=, are C.O.P.S.‘s 
if and only if Q = 0 and j3 + 1 does not equal a negative integer. Thus, 
{P:-‘(1-2x)},“=, is anexample of a C.O.P.S. that is not an ortho- 
gonal polynomial sequence and { P;“2X”2( 1 - 2x)} ,“= 0 is an example 
of an orthogonal polynomial sequence that is not a C.O.P.S. Also, 
{P:~1(1-2x)},“=, is an example of a polynomial sequence that is both a 
C.O.P.S. and an orthogonal po ynomial sequence. 
It is shown in [ I] that cp maps every orthogonal po ynomial sequence 
into an orthogonal po ynomial sequence ifand only if q is defined by
cp(x”) = sb”( 1+ ax/b)“, 
n = 0, 1, 2, . .) where s, a, and b belong to %, s # 0, a # 0. In this paper we 
obtain the analogous results for C.O.P.S.‘s. 
Define the linear operator ya.b: !H[x] + %[x] by 
y,,,[x”/n!] = b”L,( -ax/b), (1.7) 
where a and b belong to ‘B, n=O, 1,2, 3, . . and (L,(x)}:=~ isthe 
Laguerre polynomial sequence oforder zero defined in[6, p. 2021 by the 
generating function, 
1 
- ( l-texp 
5 = f L,(x)t”. 
) n=O 
(1.8) 
We call alinear operator t+k %[x] -+ ‘93 [x] a c-orthogonality preserving 
map if it has the following twoproperties: 
(4 if {I,,),“_, is a C.O.P.S., then f~+‘~[p,(x)]},“=~ is a C.O.P.S., 
(b) + is degree preserving, thatis, for all polynomials q(x) in ‘% [x], 
the degree of $[q(x)] equals the degree of q(x). 
Thus, if $ is a c-orthogonality preserving map, then $ maps every C.O.P.S. 
into aC.O.P.S. 
The main result ofthis paper is the following theorem. 
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THEOREM (1.1). A necessary and sufficient condition for $ to be a 
c-orthogonality preserving mapis the existence of s, a, and b all belonging to
‘33 such that 
where s# 0, a # 0, and ya,b is the operator defined byEq. (1.7). 
Because of this theorem it seems reasonable to call yrr,b the convolution 
shif operator. In the last section of the paper we prove some results concer- 
ning the Laguerre polynomials that are suggested by the analogy between 
the convolution shift ya,h and the ordinary shift rU,h: %[x] -+ ‘%[x], 
defined by
where n= 0, 1, 2, 3, . . . 
z,,,(.P) = (ax + b)“, (1.9) 
2. SOME CHARACTERIZATIONS OF C-ORTHOGONAL POLYNOMIAL SEQUENCES 
Let us define the sequence ofc-moments {p,,},T==, of a linear functional 
iL: %[x] + ‘93 by 
L(x”/n!) =P(,~. (2.1) 
For n a natural number define the determinant d, by 
and A _, = 1. A linear functional L, whose c-moments are given by 
Eq. (2.1), is called c-quasi-definite if A,, #0for all natural numbers n. There 
exists linear functionals thatare c-quasi-definite but o  quasi-definite, a d 
vice versa. For example [E,, the evaluation fu ctional at 1, is the linear 
functional for which {P: -‘( 1- 2x) >,“= 0 is a C.O.P.S. It is c-quasi-definite 
(see [2, Theorem (1.1) and Sect. 3 21) but it is easy to check that it is not 
quasi-definite (A2 = 0). On the other hand, the linear functional, for which 
{Pi 1’2,“2( 1 - 2x)},“_, isan orthogonal polynomial sequence, is quasi- 
definite, but it is not c-quasi-definite (d, =0).
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P,dx) = i c,,k; 
k=O 
and 
for 0 6 m < n, where n is any natural number, then 
ProojI Because 
Eq. (2.3) can be written i the form 
PO, PI> .‘.9 Pn ’ 
CL13 P2, ‘..1 Pn + I 
Cm.0 
cn, 2 
I!4 
0 
= . 
(.I 
. . 
c n,n-I K
C n.n 
(2.3) 
(2.4) 
Equation (2.4) follows by Cramer’s Rule. Q.E.D. 
The analogous result for orthogonal po ynomial sequences anbe found 
in [S, p. 121. The two proofs are exactly the same. This lemma is used in 
the proof of Theorem (2.1). 
The following characterizatons of C.O.P.S.‘s can be proven by techniques 
analogous to what is used for the characterizations of ordinary orthogonal 
polynomial sequences (see [S, pp. 8-191). Thus, only abrief indication of 
the proofs i given. 
THEOREM (2.1). Let the p,,‘s bethe convolution m ments for the linear 
functional [L defined byEq. (2.1), lethe A,,‘s bethe determinants defined by
Eq. (2.2), and let {d,,},mCO be asequence ofreal numbers. The following four 
statements are logically equivalent. 
(i) {p,(x)}~=, is a c-orthogonal po ynomial sequence having (a) 
PO(X) = pado, (b) LCp,(x) w p,(x)1 = di(po)3, and (c) for n = 1, 2, 3, .A 
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m = 0, 1, 2, 3, . . L[p,(x) w p,(x)] = di A, A,- 1 6,,, where the leading 
coefficient of p,(x) is d,, A,- Jn!. 
(ii) {~,(x)),“,~ is apolynomial sequence having (a) pO(x) = p,d,, and 
(b) for n = 1, 2, 3, . . L[x” CC> p,,(x)] = 0 if m <n, while %[x” Cc> p,(x)] =
n! d,, A, # 0 and O_[x” CC> p,(x)] = do(po)2 # 0. 
(iii) For n = 0, 1, 2, 3, . . A,, #0, d, # 0, and 
PO3 Plr P2> .“3 Pn 
PI> P2> P3, ...? PL,, + 1 
. . 
p,(x)=& : : : : 
&-I, PL,, Pn+l>-. P2n-I 
1) x, r, . . 5 
2! . 
(iv) For n = 2, 3, 4, . . 
(2.5) 
! P,~,(t)dt=a,p,(x)+b,p,~,(x)+3,,p,-,(x), (2.6) 0 
where p,(x) = pod0 # 0, pi(x) = d,(pox - pl) which is not identically zero, 
and 
4-I An-2 
an= d,, A,-, 
z 0, (2.7) 
b =ILCX(C)Pn-l(X)(C)Pn-l(X)l 
n 
UP,- ,(x)(c) P,-,(X)1 ’
(2.8 
i.2=d,d,+0, and for n=3,4,5 ,..., lW,==~-l~n-l#O. (2.9 
do(po)2 n-2 ,, ~2
Proof. By using Lemma (2.1) we can show that (i)- (ii) and that 
(ii) * (iii). 
To show that (iii) * (ii), weuse the fact hat if two rows of a determi- 
nant are equal, then the determinant is zero. 
To show that (ii)=>(i), we use the fact hat (ii) = (iii) and thus A, #O 
and the coefficient of x”/n !in p,(x) is d,, A,, _, # 0. Also it is easy to see that 
for 06m <n, 
UP,(x) (c) P,(X)1 = ~Cc,,, x”‘lm ! (c) P,(x)I = 4 A,c,., d ,,. 
To show that (i) * (iv), weobserve that 
x@)pn-~(x)= :P.-1(t)dt=a,,p,(x)+h,,p,-,(x)+l,p,~2(x). i 
409/157/l-20 
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By equating coefficients of x*/n !we see that he a,,‘~ are given by Eq. (2.7). 
Equation (2.8) follows from the c-orthogonality of {p,(~)},“,~. The E,,‘s 
are given by 
i = LiTx (6Pn- Ax) (c) Pn- I(-~)1 = Lb,- 1(x) (c) Pn- ,(x)1 12 
Lb,,-*(x) cP,,-2(X)l an- ’up, -2(x) cc> pnp2(x)]’ 
and because (i) = (iii), we have that 
where c,,,, is the coefficient of x”/n !in p,(x). Thus by using Lemma (2.1) 
we see that he A,‘s are given by Eq. (2.9). 
Finally, toshow that (iv) 3 (iii), let {H,,(x)},~+ be a polynomial 
sequence d fined byH,(x)=dopo, H,(x)=d,(pox-p,), and 
I 
.1: 
H,,-,(t) dt=a,H,(x)+h,,H,, m (x)+&,H, w2(x), 
0
where the a,,‘~, b,‘s, and A,,‘s are given by Eq. (2.7), Eq. (2.8), and Eq. (2.9), 
respectively. By using mathematical induction on it is easy to show that 
H,(x) - P,(x) for n=O, 1, 2, . . where P,(x) is given by Eq. (2.5). Q.E.D. 
In fact, itis easy to show that he 4 statements in Theorem (2.1) define 
the same c-orthogonal polynomial sequence. 
The characterization given bystatement (iii) nTheorem (2.1) will be 
used in the proof of Theorem (1.1). 
We conjecture that many of the results inthe classical orthogonal 
polynomial theory carry over to a c-orthogonal polynomial theory. In
future papers we hope to develop this theme further. 
3. CONVOLUTION SHIFT 
Let us define the polynomial sequence { n,(a, b; x)}F=, by 
Z7,(a, 6;x) = 
1 if n=O 
(ax + b) cc> IT,,+ (a, b; x) if IZ >0. (3.1) 
From this equation a d the definition of the convolution product CC>, itis 
easy to show that for n> 0, 
17,+ ,(a, b; x) = bH,(a, 6; x) + a j.’ H,(a, b; t) dz. (3.2) 
0 
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If we let f(x, t) =C,“= 0n,(a, b; x) t” and use Eq. (3.2) wehave that 
and f(0, I)=&. 
This partial differential equ tion has the solution 
= f Z7J,,(a, b; x)t”. 
I, =0 
By comparing this equation tothe well known generating function, 
Eq. (1.8), for the Laguerre polynomials of order zero we see that for 
n=0,1,2,3 )...) 
Zi’,,( a, b;x) = b”L,( -ax/b). (3.3) 
Because the convolution product (c> is associative on %[x], it is easy to 
show by using Eq. (3.1) and Eq. (3.3) that for all polynomials f(x) and 
g(x) 
Y&b Cm) (c) ‘&)I = bL,h [f(x)1 > (c) {Yu,h M-m (3.4) 
where ya,b is defined byEq. (1.7). Thus for all real numbers aand b, if 
a # 0, then ya,h is an algebra automorphism on (%[x], CC>, 1). 
By using the power series xpansion for L,,(x) and the well known 
duplication formula for the Laguerre Polynomials [6,p. 209, formula (5)], 
that states for n= 0, 1, 2, . . 
(1 - y)“-k L’kL,(x), (3.5) 
one can show that 
(3.6) 
where 0stands for composition of operators. Equation (3.6) implies that 
y1,o is the identity automorphism on !R[x], yl,O, -bla 0 yrr,h = Y,,~, and 
5)<,d0Yrr,b#yYu,boYr,d. 
By using Eq. (3.4) and Eq. (3.6) itis easy to prove the following theorem. 
THEOREM (3.1). Ifs, a, andb belong to ‘93, a#O, s#O, and {p,,(~)},“_~ 
is a C.O.P.S. with respect tothe linear functional [i, then {sy,b[p,(x)]},“_O 
is a C.O.P.S. with respect tothe linear functional s -‘IL 0 y ,ia, -bja. 
Thus the sufficiency in Theorem (1.1) is proven. 
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4. THE JACOBI PSEUDO-BASIS FOR THE DUAL OF ‘%[x] 
Unless otherwise stated, throughout the remainder ofthis paper we will 
always take pto be a real number not equal to a negative integer. It iswell 
known [6] that he Jacobi polynomial sequences {Ptp( l -2x)}:=, are 
orthogonal polynomial sequences with respect tothe linear functional 
Fp: %[x] -+ 93 defined by
F, [xi] = i! (B+ 1Ltl (4.1) 
where (1 + p), = (1 + /?)(2 + p) . . . (n + /?). That is, for all non-negative 
integers n and m, 
F,[Pyy 1- 2x) P;p( 1- 2x)] = 1 +hj,; 2n’ (4.2) 
Thus the orthonormal po ynomial sequences {P{(x)}~=~ corresponding to 
(P:“( 1- 2x)}:=, are defined by
P,p(x) = $7iG-%zP;“( 1 - 2x), (4.3) 
for n= 0, 1, 2, . . . 
For /I > -1, the linear functional [F, defined byEq. (4.1) has the integral 
representation 
Fp[x’l=/ol (l-x)~xQx=(B+ij), 
r+l 
We define the Jacobi functional St:%[x] + !H by 
s; [xi] = F, [P,B(x)xi], 
where n, i = 0, 1, 2, . . . 
For b> -1, 
(4.4) 
s.p[xi]=j-; P,a(.X)(l-x)Bx’dx. 
By using the power series xpansion i (1 - x)~ of P!(x) (see [6, 
p. 254]), wehave for each fi not equal to a negative integer, 
(-l)“(l+p+n), 
(1 +B)k 
IFfi+k. (4.5) 
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Also, because (P~(x)},“=~ are the orthonormal po ynomial sequences with 
respect tothe linear functional [F,, wehave 
-wP%)l = ~*,*. (4.6) 
Roman and Rota [7] call (S~}~zO apseudo-basis of the dual of ‘%[x]. 
That is, every linear functional N can be written i the form 
5 
N = 1 n,S,B, 
k=O 
(4.7) 
where nk = N(P/(x)). If the degree of the polynomial q(x) is n, then for all 
k > n, Si[q(x)] =O. Thus, when the infinite sumof linear functionals on 
the right hand side of Eq. (4.7) acts on q(x), the infinite sum collapses into 
a finite sum of at most n+ 1 terms. 
The following proposition is a major tool used in proving the necessary 
part of Theorem (1.1). Its proof is analogous to the proof of our previous 
result [I, Proposition (2.1)]. 
PROPOSITION (4.1). Let Y: ‘%[x] + !R[x] be a fixed, degree preserving 
linear operator, such that Y( 1) = s and Y(x) = s(ax+ 6). There exists a 
polynomial sequence { wJx)>~~,, such that for i, n= 0, 1, 2, . . 
sIFp+icx ( )w,(x)1 = E,,, cwYw (c) (Y~,(X))ll, (4.8) 
where IF, is the linear functional defined byEq. (4.1), ifand only if Y = SY,,~. 
ProoJ: Let IE, be the evaluation fu ctional at the real number a. That 
is, for any polynomial q(x), [E,(q(x)) = q(a). By using Eq. (4.5), Eq. (4.7), 
and Eq. (4.8), itcan be shown that for all real numbers a and for all 
non-negative int gers n, 
Thus, 
y”” 
[ n! \(ax+b)@ Y[&] if n>O 
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Therefore by comparing this with the recursion relation (3.1), we get hat 
= sb”L,( -ax/b) = SY,,~ 
for na natural number. 
The converse follows by using Eq. (3.4). Q.E.D. 
5. THE C-ORTHONORMAL CASE 
It was shown in [2, Theorem (l.l)] that {P$“(l-2x)),“=, satisfies th  
c-orthogonality relation, 
(-l)"n!6,, 
IFpCP~“(1-2x)(c)PR;P(1-2x)1=(I+p)~(1+B+2n)’ 
where n, m = 0, 1, 2, . . . Thus the corresponding c-orthonormal polynomial 
sequences {pi},“_, are defined by
p~(x)=mm777qy1-2x). (5.1) 
THEOREM (5.1). Zfthere xists a real number B, which is not a negative 
integer, such that, for all non-negative ntegers i,{Y[p,B’i(x)]}~z, is a
c-orthonormal polynomial sequence, then there xists real numbers , a, and 
b, all independent of 8, such that $ = SY,,~, where s# 0 and a # 0. 
Proof: There xists real numbers , a, and 6, where sf 0 and a #O, 
such that II/( 1) =s, Ii/(x) = s(ax +b). Let M,i be the linear functionals for 
which WCP~+‘(X)I),“=, is a c-orthonormal polynomial sequence. Thus for 
i, n= 0, 1, 2, . . 
s(1+~+i)1’2MB,i[~[p,P+‘(x)]]=6,,,=(1+~+i)1’2[Fp+i[p~+i(~)] 
(5.2) 
and 
M,i[I{$CPf+‘(x)l} (‘) {~CP~+Yx)l}l 
=6,, 1= Fp+i[pf+i(x) Cc> pt+ j(x)]. (5.3) 
It is easy to show that Eq. (5.2) implies that MP,i =(l/s) F,, i 0 $ ~- ‘. By 
using this equation i Eq. (5.3) weobtain 
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Equation (4.8), with w,(x) = x”, follows by writing x” in terms of p~“(x)‘s. 
Thus by Proposition (4.1) wehave that $= SY,,~. Q.E.D. 
6. THE ORTHOGONAL CASE 
To prove the orthogonal case we need a hypothesis that is slightly 
stronger than the hypothesis in Theorem (5.1). 
THEOREM (6.1). Let t+k ‘%[x] + %[x] be afixed linear operator. If there 
exists p, < -3, and p2 > -3 such that, neither PInor b2 is a negative 
integer,andfor/I=/?,+j,i=1,2;j=O, 1,2 ,..., {~~r,~~,~d,~~~P(1-2x)}~=~ 
is a C.O.P.S. for all non-zero eal numbers cand for all real numbers d, then 
there xists real numbers , a, and b (independent of PI and f12) such that 
ti =Sj)<,,h. 
Proof Because $ is degree preserving, therefore th re exist real num- 
bers , a, 6, t2,,, and t2,,, such that s# 0, a # 0, t,,, # 0, 
t+b[x’] = s(ax + b)‘, for i=O, 1, (6.1) 
and 
$Cx’Pl = s(t2.2.e + t2,1x + t2.0). (6.2) 
By using a method similar to that used in the above c-orthonormal case, 
Theorem (5.1), we have for fi =pi + j, i = 1, 2; j = 0, 1, 2, . . . 
sFp[x<c> P~~(~-~x)]=F,~I+-‘[(~[x])<c>(~C/[P~~(~-~X)])], (6.3) 
where n is any non-negative integer not equal to 1. Because of Proposi- 
tion (4.1), in order to obtain the conclusion of the theorem, weneed only 
show that (6.3) isalso true for n= 1. This is logically equivalent to showing 
that II/[x2/2] = s(a2x2/2 + 2abx + b2). 
Let m,, m,, m2 be any three real numbers such that m, # 0 and 
m,m2-(m,)2=0. (6.4) 
Define the real numbers po, pr, and p2 in terms of m,, m,, and m, by 
pu, =smo 
pl = s(am, +bm,) (6.5) 
~2=~(t2,2m2+t2,1ml+t2,0mo), 
where s, a, b, t,,,  t2,,  and t, oare defined in terms of Ic/ by(6.1) and (6.2). 
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We wish to show that ~~~~~~~ =O. 
Assume that ,u~P~ - II: #0. From this tatement, it iseasy to show that 
for n=O, 1, and 2 
c=EJ2~+3NP:-Y2Po), 
PO 
and 
By hypothesis {Ic/[yI,,,-d,c[P~tr(l -2x)]]},“=, is a C.O.P.S. with respect to 
a c-quasi-definite l near functional which we will denote by Ml,,,,. RYU~,~,~ 
can be chosen in such away that 
PO@ + 1) [FB(Y,,d”Yl,r,-d,cp~,B(l - 2x1) 
= ~,,oPo= ~/O,d,c(lCIoY1,,,-d,cP~B(l - 2x1). 
But ~Y1,c-d,ec?(l -W},“=o f orms a basis of ‘%[x], thus we have the 
functional equality 
kdb + ’ ) ‘, ’ Yc,d = M ,3,&c o II/. (6.7) 
By using Eq. (6.5) Eq. (6.6), and Eq. (6.7), we have that 
M,,,[x’/i!] =mi, for i=O, 1, and 2. But Mog,d,c is a c-quasi-definite linear 
functional and therefore 
which contradicts (6.4). Thus our assumption that pop2 -,uf #O is 
incorrect andtherefore 
That is, for all non-zero eal numbers ma and m,, 
(f2 z-a2)mT+(t, I-2ab)m,m, + (t,,,-b’)mi=O. 
Thus, $(x2/2) = s(a2x2/2 + 2abx +b2). Q.E.D. 
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The proof of this theorem uses the characterization (ii ) n Theorem (2.1) 
and a method that is suggested by the one used to prove our previous 
result [l, Theorem (4.1)]. 
Theorem (6.1) implies the necessary part of Theorem (1.1). 
7. APPLICATIONS 
Because ofthe analogy between Theorem (1.1) and [l, Theorem (l.l)] 
and also because ofEq. (3.4) and Eq. (3.6) wesee that he role yrr,b plays 
in the convolution orthogonal po ynomial theory is analogous to the role 
played by ra,h in the classical orthogonal po ynomial theory. Thus it seems 
reasonable to call y, b the convolution shift. I  is reasonable to surmise that 
many of the properties of the ordinary shift operator T,,~ carry over to the 
convolution shift operator ya,h. Infact he operator CD: %[x] + %[x] 
defined by
@[x”, =$ (7.1) 
is an “isomorphism” between the classical orthogonal po ynomial theory 
and the convolution orthogonal po ynomial theory. 
(7.1) Conoolution-Taylor Theorem. Let D: %[x] -+ %[x] be the 
ordinary derivative op rator. Because Dx D[x”/n !] = nx”- ‘/(n - 1 )!, it 
follows that for all polynomials n(x), 
YI,JWX)I =&f, ; (Dx Wk n(x), (7.2) 
where b is a real number. A generalization of this formula issuggested by 
the analogy between Y,,~ and z,,~ and the fact hat he Taylor Series i a 
generalization of the Maclaurin Series. Thegeneralization of Eq. (7.2) is
qx) = -f bkLkj;T xlb) 1 --sgn(b’m e’/b(Dt D)kn(t) d(- ;) 
k=O ,=O 
=k~obkLk~~x’b)~,~oe~~f{~~b~[(Dx~)k~(x)]} dt, 
where gPb, is the linear operator mapping ‘%[x] -+ %[x], defined by
Lb, [x”] = ( - bt)“. 
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(7.2) Question 11, Page 217 of [6]. In Eq. (3.4) let f(x)=x”/n! and 
g(x) =x”‘/n ! to obtain 
That is, 
which can be written as, 
For @ defined byEq. (7.1), we have 
s,‘_,L,,(-y) L,,,-;)dt 
=*p[xwL~++~)]] 
=@[x(l+~)l*ili] 
=C[$((l+!Ey+“‘-(l+yyi’)] 
which is essentially what has to be proven in Question 11on p. 217 of [6]. 
(7.3) A Convolution-Umbra1 Formula. In a manner analogous tothat 
introduced by Roman and Rota [7] let us define the c-Umbra1 composi- 
tion of two polynomial sequences 
a,(x)= i fkkg, n=O, 1, 2, . . 
k=O 
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and {b,(x)},“= 0 to be the polynomial sequence { c,(x)}~=, defined by
c,(x) = $ a .,KbK(X) = Q”(b)). 
K=O 
Let L,(x; b) = b”L,( -x/b). Because Y,,~oY~,~= +JJ,,~+~ we obtain 
L,(Jq ’’ 
-- 
.L(L(x;b,);b,)...);bk)=L,(~;b,+b~+ ... k), 
which is in fact the duplication formula for the Laguerre Polynomials (see 
Eq. (3.5)) applied k - 1 times to L,(x; b). 
We suggest that his ection, along with Section (7.1), holds the key to 
the development of an Umbra1 Calculus ing the differential operator 
Dx D. Such a development would go a long way in answering the last part 
of Question 1 posed by Rota et al. in [S, p. 7503. 
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